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Introduction

Conformal Mapping is a function which preserves orientation and angles. that is a transformation ¥ = f(2) is said to be conformal if
it preserves angle between oriented curves in magnitude as well as orientation, i.e., direction

Example
Let ¢; and ¢, be two continuous curves in the z-plane intersecting at the point z,. Further let the curves c; and ¢, be transformed to
the curves ¢! and ¢! under the transformation w=f(z). Let ¢,' and c>' be intersect at w, on the w-plane where wo= f(z,).
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w=Ff(z)=1z
LetW = Rei® z = reiﬂ
~W = =
i.e.Rew: re'®

i R=r® =0

¢ =f=w=z is conformal

Theorem

If (2) is analytic in a domain 2 and f '(2) # 0_then transformation ¥ = f(2) is Conformal.
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Proof: Let w = f(z) be analytic and f'(z) # 0, Let “1 be a curve and P, (z) and @, (z + &z) be two points on the curve
¢, in the Z — Plane.

id,

Letdz =1 e
1 1 1 . 1.
Let €5 be a curve and Pj (w) and @1 (w 4+ W) be two points on the curve €] in the w — Plane.
Let w = R, e’ ®:

fiecg— C% (i.e. Every points on the curve €1 onto the points on the curve C% )

w _ R._a‘_'f"— — Ry i(¢,-6,)
b= ;"-_9“5'— ry

Taking limit as 8z — 0, we get
S . R, .. . —
F'(z) = lim &= lim =2 lim e %:7%)
fz—0 05 dz—0 Ty Sz—=0

f'(z)=Re®=0(~ f'(2)#0)

. . Ry 1. e —
Rei® = lim =*. lim e!(®:78:)
Sz—=0 " &z—0

Re'® = klei':"f"—_g'—:'
R:kl’¢:¢l_gl .................. (1)
Let ¢ be a curve and P, (z)and @5 (z 4 6z) be two points on the curve ¢ in the z — Plane.

Let §z = 1, e

Let C% be a curve and P%(W] and Q% (w + w) be two points on the curve C% in the W — Plane.

Let w = R,e’ %=
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1, . . . 1
f: €3 — €3 (i.e. Every points on the curve £, onto the points on the curve €3)

fw _ Re'® R, ity —8;)

iz :-':amﬂ o
Taking limit as &z — 0, we get

. Ew_ o Ry o (b —.
f'(z)=lim &= lim =2, lim e¢i%="%)
Gz—0 0= Gz—0 Tz &z-0

f.'[zj = Rei® =0 f.'[zj =+ l:l)

Re'® = lim B lim ef(®==%:)
Gz—=0 "y Ssz—0
Re'® =k, e!l®2F:)
R=ky. 0=, — 0y oo, 2)

From (1) and (2), we have
¢, — 6, =@, — 6,

6, — 8, =¢, — gy

1 1
i.e., Angle between €1 and 2 is equal to €1 and €2 in both magnitude and orientation

“w = f(z) is Conformal

The function f{z) = Z is not a conformal map because it preserves only the angles between two smooth curves but not
orientation. This type of transformation is known as isogonal mapping.

Critical Points

If f (zD] is analytic at Z; € D and f' (zD) = 0, then the point z;, is known as critical point of f(z). Because critical points are

zeroes of analytic function f, they are isolated.
Critical points of 2% — 5z arez = +1. +1

Example 1
Find the images in the w-plane corresponding to the straight lines x=a, x=b, y=c and y=d under the transformation w=z*

Consider

[ ]

W
dwr
d=

.. The transformation is conformal for all z#0

Letz = x + iy and w = u + iv then
u+ iv = (x +iy)*
=Su+iv=x"—y*+i2xy
=u +iv = (x* —y*) +i2xy
Su=x>—y> and v = 2xy -mrremeeee (1)
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i) When x=a, (i.e., we consider the lines parallel to imaginary axis in z-plane)

Put x=a in equation (1), we get
u = a® —}r: and v = 2Zay =y = —

2a
- P =
u=a —\|\—
LT

=4a’u = 4a* —v°*
=v? = 4a* —4a’u
=>v? = 4a*(a* —u) or
v® = —4a? (1 — a::]

Which is parabola in the w-plane with vertex at (a?,0) and symmetrical about the real axis.

Thus, the transformation w=z2 transforms lines parallel to imaginary axis into a set of confocal parabolas in w-plane.

W-Plane

Ay E A
x=-b = ake; +=b %%
X 9] >x 9) :g >u
L =

Z - Plane

ii) When y=c (i.e., we consider the lines parallel to real axis in z-plane):

Put ¥ = ¢ in equation (1), we get
u=x>—c’and v=2xc =>x=—

-

il o4

L‘= <

U=
4ciy = v? — 4c*
v’ = 4c’u + 4ct

2= 4c(u+c?)

= 4cu—(—c*)]
Which is a parabola in w-plane with vertex at (-c?,0) and symmetrical about the real axis.

Thus, the transformation w=z? transforms lines parallel to real axis into set of confocal parabolas in w-plane.

/Py
V=

M =
MO —
y=-d ly, =

~. The two families of parabolas v = —4a®” (u— a::] and v = 4c* (u + c:] corresponds to two orthogonal families of

straight lines x = +a and v = +¢
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Example 2: The transformation w = &°
Consider
W =e*
dw -
= e =¥ =0, Fz
" the transformation is conformal for all z.
Letz=x+ iyvand w =u + iv then
u+ iv = e¥t
u+iv=e*e?
u+iv=e*(cosy + isiny)
w=e*cosyandv = e* siny
i) When x=a

Put x= a 1 n equation (1) we get

- — =

uv=e%cosy and v =e" siny
i

v .
— = cosy and — = siny
g - g -
u E L 9 , 7
> |\=) +|z) =cos”y+sin"y
& &
u- v
= gla + gla =1
= u- tve=e"

Which is a circle with center at origin and radius €% in w-plane.

Thus, the transformation w=e= transform the lines parallel to imaginary axis in z- plane into set of concentric circles in w-plane.

AY AV
/y= B
X=a % 1r=b
y=a0
5 >X 5 -
z-Plane

w-Plane
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ii) When y=c
Put y=c in equation (1) we get

u=e*cosc and v =e%sinc

[
=e‘r

= ¥ and —
COBC Bln o

= v = (tanc)u

=

Which is a line passing through the origin in w-plane.

Thus, the transformation w=* transformation the lines parallel to real axis in z-plane into set of lines passing through the origin
in w-plane.

zr.}’ B AV
y=R ~
T ‘ o=

y:a d)=0: R
0 u

:"{V

O

z-Plane w-Plane
Example 3: The transformation w=sin (z)
Consider,

W=sin (z)

dw . : :
:d—z =cos(z) # 0 Vz# — wherenisan odd integer.

. . . nmw . .
** The transformation is conformal for £ ¥ — where n is an odd integer.

Let z=x+iy and w=u-+iv then

u + iv = sin(x + iy)
= wu+iv = sinxcos(iy) + cosx sin(iy)
= u +iv = sinxcoshy + cosx(isinhy)
= u+ iv = sinxcoshy + icosxsinhy
u = sinxcashy and v = casxsinhy ---------- €))

i) When x=a
Put x=a in equation (1) we get

u = sinacoshy and v = cosa sinhy
u

= = coshy and

sina COSa
e e . oo,
= — = cosh®y — sinh*y
sin“a cos‘a
2= 1;|=
— = l

sin~a cos-a

= sinhy

Which represents a hyperbola in w-plane.

Thus, the transformation w=sin (z) transforms lines parallel to imaginary axis into a set of hyperbola in w-plane.
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ii) When y=c
Put ¥ = ¢ in equation (1), we get

u = sinxcoshec and v = cosx sin he
w

= gin x and = COSX

cog hec gin he

=1

A

cosh®e sinh®e
Which represents an ellipse in w-plane.

Thus, the transformation w=sin (z) transforms lines parallel to real axis into set of ellipses in w-plane.

A 4,

cv

=
bl 4

5 z - plane w - plane

1 1
Example 4: The transformation w = > {z + —)
z

Consider, W = i(z.' + ;)

-

Thus, the transformation is conformal for all z == +1

Letw = u + iv and z = re® then

iy 1( o 1)
utiv=—\|re —_—
2 retf

=>u+t+iv= %[r(cosﬁ + ising) +%(cos£‘ - isinﬂ)]

T

1 1 1
=+ v = E[(r -I-—) cosf +1 (r ——) sinﬁ']
r

g IL=%(T +%)cns£’ and v=£(r—%)sin9 ————— (1)

-

i) When r = @ where a is a non-zero constant (=1)

Put r=a in equation (1) we get

1 1 1 1
IL:—(EI+—)CDSE and v =—(a——) gin &
2 o 2

a.
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(e [
— ﬁ— cos® and ﬁ— sin @
2\ 7T, 2\
Ii.: U:

=

N N :—I-l N :=cos:9—|—sin:9=l
i(e+a) 3(e-3)

Which represents an ellipse in w-plane.

Thus, the transformation, W =

Fa | =

(z + —) transforms the concentric circles with centre at origin in z- plane into set of confocal
=

ellipses in w- plane.

In particular if =1 then we have t = cos & and v = 0.

i.e., the unit circle |z|=1 in z-plane is mapped onto the segment of u-axis from -1 to 1 in w-plane.

ii) When 6=b where b is a constant

Put 6=b in equation (1) we get

1 1 1 1
IL=-(T‘+—)CDSb and v =—(r——)sinb
2 2

r r
i 1 L 1) d L 1( 1)
= =_-|r——|an =-|lr—
cosbh 2 r gsinb 2 r
u? 2

T

= -2+ (-2
" cosih  sin’h 4 g ¥ r

rosth sin®h

Which represents a hyperbola in w-plane.

1 1

Thus, the transformation w = ;{z + —) transforms the lines passing through the origin in z-plane into the set of confocal
& Z

hyperbolae in w-plane.
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Jacobian Transformation

du
. . . . . alu,w) ax
The Jacobian of the transformation of the function f(z) = w(x,v) + i v(x,¥) is defined by Freveiall PO
= il
dx

denoted by f{u, v).

If f(2) is analytic function then _.ff{u, 1?]=|ui. + l:?_3| = |f'(z)]~
Application

The below discussed mentioned are the important applications of Conformal Mapping.

du

dy
dw

dy

and

e Conformal mapping is an important technique used in complex analysis and used in complex analysis and has many

applications in different physical situations.

e Conformal mappings are used in Engineering and physics that can be expressed in terms of functions of a conformal variable

but that exhibit inconvenient geometrics.

e Laplace equation can also be solved with the help of conformal mapping. We can also determine the conduction of heat by it.

e Conformal mapping has also come across advantages in fluid dynamics.
¢ Conformal mapping can be used in scattering and diffraction problems.

Conclusion

When we study the topic Conformal Mapping and Its Applications, there are many forms of conformal mapping which are
considered as significant tools in many disciplines like physics. Engineering and mathematics. In addition, they carry wide range

of application in many other fields.
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