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1. Introduction
Let X,, = (1,2,3,...,n) and let Doma € X,, and Ima C X,,, then the transformation &: Doma — I'ma is said to be total or full if

Doma = X,, and strictly partial otherwise.
Let denote T}, to be the set of all total or full transformation on n — element, B, to be the set of all partial transformation on
n — element and I, to be the set of all partial one-one transformation on 1 — element, then: the set T;, contains 1™ elements

and B, contains (1 + 1)™ eclements. To see this we observe that, each element & € T, is uniquely defined by
o= (Pi pf S ;n), where each p; € N. Since the choices of P;5 are independent, we have |T,,| = n™, by product rule.

In case of B, the eclements P; can be independently chosen from the set N U {@}. Hence, the product rule
2
implies|B,| = (n + 1)™ and I, contains E;:a (:) p! elements, that is each partial injection ¢z N — N can be considered as a

bijection &z Dom{zr) — I'm(ex). Let us count the number of such bijections of rank k. The set A = Dom(a) can be chosen in

(:) different ways, the set B = Im{a) can be independently chosen in (:) different ways. If A and B are fixed, then there are
exactly p! different bijections from A and BE. Hence we have exactly (:) . (:) * p! bijections of rank p. since P can be an
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arbitrary integer between 0 @nd n, the statement of the theorem is obtained by applying the sum rule. (Ganyusahkin and
Manzochuk, 2003; Laradji and Umar, 2006; Umar, 2010). For the purpose of illustrations, the semigroup £,, can be expressed as
fln;r) = (")nm,if n = r = 0 then the

g fln;r) =F(n,0) + F(n,1) + F(n,2) + F(n,3) + -+ F{:Tl,?l}:(:;] + (T}TH_ (i_.!)'ﬂ: +ot (::}11”:{:?1 +1)",

by (Zubairu, M. M., Bashir Ali 2018). The height of & is denoted and defined by hia) = |Ima |, the breadth of & is denoted and
defined by b{a) = |Dom(e)|, the right waist of & is denoted and defined by w™¥ = max(Ima) , the left waist of & is defined
and denoted by w~ = min(e) . The fix point of & (fix of ) is defined and denoted by fla) = |F(a)| = |{x € X,: xa = x}|
and idempotent of & is defined by @> = & if and only if Ima = F (&) (Garba, 1990, 1994b; Laradji and Umar, 2006, 2007;
Umar, 1997, 2010). The derangement of & is defined and denoted by d,, (a) = {er(x) # x} (Bashir, 2008). It is well-known that
a partial transformation  is nilpotent if and only if &® = @ (the empty or zero map) for some positive integer k (Garba, 1994a,c,

Umar 1997, 2010). The main object of study in this paper is the triad subsemigroup of order-preserving and order-decreasing and
order-reversing partial one-to-one transformation (that is, the intersections of order-preserving, order-decreasing, and order-

reversing (/0DR ;). The main objectives of this paper are to compute the variable functions of the triad subsemigroup (/0DR,,)
and find their integer sequence from the on-line encyclopedia sequence (Sloane, 2011).

2. Triad Subsemigroup (IODRN)
Umar, (1992a,b, 1997, 1998, 2010) defined a transformation @&, is said to be order-preserving if

Wx,v € Doma:x =y = xa = ya, and order-decreasing if ¥ x,¥ € Doma: xa = x, similarly, a transformation & € I, is

said to be order-reversing if for all X, ¥ € Doma:x = v = xa = ya. Hence a subsemigroup is said to be Triad if and

only if |imal = 1.

2.1 Ilustrate
We now Illustrate this by Giving Example
Example 1: The subsemigroup [JDH: contains the following sixteen elements (Borwein et al., 1989; Gayusahkin and

Manzochuk, 2003, 2009; Laradji and Umar, 2004b,c, 2007).
(o258 Gisss)boaisi)los
Go:500osza)loansi)leasss)l
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
(fE)EﬁfE)4@)’(6@@@4)’(159695)’(@@@@@)

Example 2: The subsemigroup 0 DRz contains the following six-idempotent elements (Clifford and Preston, 1961; Fernandes et
al., 2011; Garba, 1990, 1994b; Howie, 1971, 1995).

(1:345)(1
1 & g eh\D

2.2 Combinatorial Results for IODR,,
First note that it seems reasonable to define k = 0if p = 0;and F(n; k) = F(n;p, k) =1 if Kk = p = 0 this and other
observations we record in the following lemma, proposition and corollaries which will be use implicitly whenever needed (Umar,

2010).
Lemma. Let X, =1{1,23,...,n}and P = {p,m, k,q}, where for a given @« € IODR,,, we set

p=hia),m = fla),k =w(a)and q = d,,(a). We also defined F(n; k) = Flm;p, k) =1ifk =p=0.
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Lln=zk=zp=m=0

2 k=1=p=1;
3p=0=k=0
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The following theorems, propositions, and corollaries are easy to prove, but nevertheless, we include its proof to demonstrate the
technique.
Theorem 1: The intersection of order-preserving and order-reversing and order-decreasing partial one to one subsemigroup, is a

subsemigroup with |ima| = 1.

Proof.
Let & € I, and let ¥ € doma then certainly @(x) € ima.

Also suppose X3 = X3 = X3 = -+ = X, = € doma then a(x,) = a(x;) = a(xz) = --- < a(x,) € ima. Now, ¢ is order-
preserving, if for any X3 =X;=x3 = =x,=alx))=alxy)=alxz)=alx,), and  order-reversing
ifa(xy) = alx,) = alxy) = - = alx, )Vx, € doma,a(x,) € ima. Obliviously, for & to be both order-preserving and
order-reversing it must have lima| =1,

: _frz ... q9 .. .7
Suppose also the |imea| = 1, then for anyﬂ'—(l Bo. . £

forg =7 = a(p) = a(t) and order-reversing if § = t = a(p) = a(t), implies a(p) = a(t) asp =t.

Therefore, |imal = 1, now if alp) = Gand alt) = 0 = alp) = alt) = O then if follows from the definition & is order-

' .”) with £ 2= @ if & is order-preserving, then

decreasing if (x) = x which implies X = x. Hence |imal = 1.
Theorem 2: Let [, = IODR,, then, |[E(IODR )| =n+1foralln=0

Proof.

o 1 2 . n . .
Each element @ € IODR,, is uniquely defined by & = , where each of x; £ X},. Since, the choices of

Xy Xz o Xy

chosen the idempotent elements in X ;5 are all dependent on f'[:f: ) =1 m(a), except the one which is independently chosen from
X,, U {0}, if follows that |[E(IODR, )| = n + 1.
Proposition. Let I,, = IODR,, then the |[IODR,,| = %'[:Tl + 1)+ 1 foralln =0.

Proof.
From the definition of JODR,,, it follows that for an element & € IODR,, the image (X ) for some X € X, can be chosen in the

product of :—z and (n + 1) different ways. However, the images of the different elements from X, are always dependently plus

one inpendently chosen from X, U {@}. Hence |IODR,,| = ;{:’.rl + 1)+ 1.

The following corollaries were deduced as follows

Z(n+ 1)m! n=0m=>0

Corollary 1. Let I, = IODR,, then, f(n; m) = ?1{?11!} n=0m=0
n—m n=m:=2

(:) p=0n=0

Corollary 2. Let I, = IODR,, then, f(n; p) = Z(n+p) n=0p=1
n— P nx=pz=2

(n—(k—1)) nzkz=0

Corollary 3. Let I,, = IODR,, then, f{m; k) =i (n+1) — k n=1lk=1
n+1)—k n=2k=2
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Corollary 4. Let I, = I0DR,, then,

m
2n — (p)
fln;m,p) = fln;m, k)

1!

p—Di(n—p—11) °©

Corollary 5. Let [, = IODR,, then,

r In—-2
() A
1 k+1
f{n;p,.i-:]=* {k_p}(p—2)+(p+l)m
n+l—n
\ '[?1_(?-’_1}}

Where A\ is the join and V is the meet.
Corollary 6. Let I, = IODR,, then,

l ¥
(n—1)m!+n (?1.- m?—n+ l}k!)

fln; k,m) = %{T)

m-—-k+1

'[n— {(m— l}}
Corollary 7. Let I, = IODR,, then,
2m+k) —3np
fymp k) =4n—1m—-EkKp+1
n—{(m!'+ k)

Corollary 8. Let [, = I0DR,, then,

n+1)—1+k;
fln;p,m)

e (5

p=0

fln; p.k,m) =

Corollary 9. Let I, = IODR,, then,

(n—1)+nA

Ffln;p, k,m)
fln;m, k)

fn; k,m,p) =

Corollary 10. Let I, = IODR,, then,

l b ]
—(nt—n+k ‘
n
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l=n=4p=m=1
nz2p=m=10

n=p=m=2

n=2m=k=20

n=zlm=k=1

n=m==k=10
n=m==k=10

m=k=p=1,1=n=3

n=m=k=p=10

n=3m=k=p=10

TIEL ki:ki.flj E—Eﬂ
nz2p=k=m=10

n=p=k=m=>0

flnig)=n—gq Vin=g=z=0),n=1,9g=0),(n=1,g=0and(n=3,g=1)

Corollary 11. Let I,, = IODR,, then, |[E(IODR )| =n +1

n=20
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3. Remarks

Remark 1: All these combinatorial functions can be computed when restricted to special subsets or sets within a particular
transformation. For example, the set of idempotent Garba GU (1990) and Howie JM (1971). The set of Nilpotent, Garba GU
(1994c) and Laradji A. and Umar A. (2004).

Remark 2: We have considered only one class of transformation subsemigroup, Umar have considered seven classes of the
transformation semigroups, Umar A (2010). However, there are other classes of transformation semigroups that can be identified
if studied.

Remark 3: The study of semigroups helps us to understand the events in our lives by understanding the order in which they
occur. e.g. sequences and series play an important role in various aspects of lives, they are used in predicting, evaluating,
monitoring and decision making of the outcome of situation or events.

Remark 4: The combinatorial functions always give rise to sequences of numbers and triangular of numbers which are
fascinating/pivotal tool in machine language e.g. Automata. Hence the need to study these combinatorial problems from this point.
Remark 5: Ideally, we would like to compute forth variable functions and so on for any finite semigroup of all partial one to one
transformations, but at the moment this seems to be a difficult proportion and so we have to start from the smaller variable
function to higher variable functions.

Remark 6: The main statement proved above is by direct combinatorial arguments, however, this approach does not always work
and finding a recurrences and guessing a closed formula which can then be proved by mathematical induction is another approach
that can be effectively use. Umar A. et al are currently using generating functions to investigate some of the unknown cases and it
looks very promising.
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